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ABsTrACT. The purpose of this paper is to introduce a new type of generalized
closed and open sets called nlg-closed set and n/g-open set in nano ideal topological
spaces and investigate the relation between this set with other sets in nano topological
spaces and nano ideal topological spaces. Characterizations and properties of nlg-closed
sets and nlg-open sets are given.

1. Introduction

An ideal [7] I on a nonempty set X is a nonempty collection of subsets of
X which satisfies (i) A € I and B C A implies B € [ and (ii)) A€ [and B € [
implies A U B € I. Given a topological space (X, ) with an ideal / on X and if
P(X) is the set of all subsets of X, a set operator (.)*: P(X) — P(X), called a
local function [6] of A with respect to 7 and [/ is defined as follows: for A C X,
A*(L,t)={xe X:UnNnA¢IforeveryU € 7(x)} where 7(x) ={U e 1: x €
€ U}. A Kuratowski closure operator c/*(.) for a topology 7*(/, T), called the
x-topology, finer than 7 is defined by c/*(A) = AU A*(I, T) [13]. When there is
no chance for confusion, we will simply write A* for A*(/, T) and 7* for 7* (1, 7).
If 1 is an ideal on X, then the space (X, 7, ) is called an ideal topological space.
A subset A of an ideal topological space is said to be *-dense in itself [4] (resp.
«-closed [6]) if A € A™ (resp. A* C A). By a space (X, 1), we always mean a
topological space (X, T) with no separation properties assumed. If A C X, then
cl(A) and int(A) denote the closure and interior of A in (X, 7) respectively, and
int*(A) will denote the interior of A in (X, 7*). The notion of /-open sets was
introduced by Jankovic et al. [5] and it was investigated by Abd El-Monsef [1].
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The notion of nano topology was introduced by Lellis Thivagar [9] which
was defined in terms of approximations and boundary region of a subset of
an universe using an equivalence relation on it and also defined nano closed
sets, nano-interior and nano-closure. K.Bhuvaneswari et al. [2] introduced and
studied the concept of nano generalised closed sets in nano topological spaces.

M. Parimala et al. [10, 11, 12] introduced the concept of nano ideal
topological spaces and investvestigated some of its basic properties. They also
introduced the notion of n/-open sets, nl-closed sets, gnl-open sets and gnl-
closed sets in nano ideal topological spaces. In this paper, we introduce a new
type of generalized closed and open sets called nlg-closed set and nlg-open
set in nano ideal topological spaces and investigate the relationships between
this set with other sets in nano topological spaces and nano ideal topological
spaces. Characterizations and properties of nl/g-closed sets and nlg-open sets
are studied.

2. Preliminaries

We recall the following definitions, which will be used in the sequel.

DerintTION 2.1 ([8]). Let U be a non-empty finite set of objects called the
universe and R be an equivalence relation on U named as indiscernibility relation.
Then U is divided into disjoint equivalence classes. Elements belonging to the
same equivalence class are said to be indiscernible with one another. The pair
(U, R) is said to be the approximation space.

Let X C U. Then,

(i) The lower approximation of X with respect to R is the set of all objects
which can be for certain classified as X with respect to R and is denoted
by Lr(X). That is, Lr(X) = U{R(X): R(X) C X, x € U} where R(X)
denotes the equivalence class determined by x € U.

(ii) The upper approximation of X with respect to R is the set of all objects
which can be possibly classified as X with respect to R and is denoted
byUgr(X). Thatis, Ur(X) = U{R(X): RX)NX # ¢,x € U}.

(iii) The boundary region of X with respect to R is the set of all objects which
can be classified neither as X nor as not -X with respect to R and is
denoted by Br(X). BR(X) = Ur(X) — Lr(X).

ProperTY 2.2 ([9]). If (U, R) is an approximation space and X,Y C U, then
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(i) Lr(X) € X € Ur(X)

(i) Lr(¢) = Ur(¢) = ¢
(iii) Lr(U) =Ur(U) =U
(iv) Ur(XVUY) =Ugr(X) U Ur(Y)
(v) Ur(XN Y)CURX)NUR(Y)
(vi) LR(XUY)2Lr(X)U Lg(Y)

(vii) Lr(XNY) = Lr(X)N Lg(Y)

(viii) Lr(X)C Lg(Y) and Ug(X)CURg(Y) whenever XCY
(ix) Ur(X©) = [Lr(X)]® and Lr(X“) = [Ur(X)]*
(x) UrlUR(X)] = Lr[Ur(X)] = Ur(X)

(xi) LR[Lr(X)] = Ur[Lr(X)] = Lr(X)

DEerintTION 2.3 ([9]). Let U be the universe, R be an equivalence relation on U
and TR (X)={U, ¢, Lr(X), Ur(X), BR(X)}, where X C U and by the property
2.2, Tr(X) satisfies the following axioms:
(i) U and ¢ € Tr(X).
(ii) The union of the elements of any sub-collection of 7g (X) is in T (X).
(iii) The intersection of the elements of any finite subcollection of g (X) is in
TR (X) .

Therefore, 7 (X) is a topology on U called the nano topology on U with
respect to X. We call (U, Tr(X)) as the nano topological space. The elements
of Tr(X) are called nano open sets (briefly n-open sets). The complement of a
nano open set is called a nano closed set (briefly n-closed set).

DEerintTION 2.4 ([2]). Let (U, Tr(X)) be a nano topological space and A C U.
Then A is said to be ng-closed set if ncl/(A) € B whenever A C B C 1r(X).
The complement of an ng-closed set is called a ng-open set.

DerintTioN 2.5 ([11]). Let (U, N, I) be a nano ideal topological space with an
ideal I on U, where N=1g(X) and (.); be a set operator from P(U) to P(U)
(P(U) is the set of all subsets of U). For a subset A c U, A, (ILN) = {x €
e U:G,NA¢ I forevery G, € G,(x)}, where G, ={G,, | x € G,,, G, € N'}
is called the nano local function (briefly, n-local function) of A with respect to /
and N. We will simply write Ay, for Ay (I, N).

TueoreM 2.6 ([11]). Let (U, N) be a nano topological space with ideals I, I’
on U and A, B be subsets of U. Then
i) ACB= A, CB,
(i) Icl"=A,I") C A1),
(iii) A, = n-cl(4;,) € n-cl(A) (A;, is a nano closed subset of n-cl(A)),
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(iv) (A3); € A,
(v) AL UB =(AUB),

(vi) A}~ B} = (A-B), - B, C (A- B);,

(vii) VEN = VN A, =V (VNA), C(VNA), and
(vii) J € I = (AU ) = A, = (A-J)L.

Tueorem 2.7 ([11]). If (U, N, I) is a nano topological space with an ideal I and
A C A, then A}, = n-cl(A;,) = n-cl(A).

DerintTION 2.8 ([11]). Let (U, N') be a nano topological space with an ideal
I on U. The set operator n-cl* is called a nanox-closure and is defined as
n-cl*(A) =AUA; forAcCX.

THeorEM 2.9 ([11]). The set operator n-cl* satisfies the following conditions:
(i) A C n-cl*(A),
(ii) n-cl*(¢) = ¢ and n-cl*(U) = U,
(iii) If A C B, then n-cl*(A) C n-cl*(B),
@iv) n-cl*(A) Un-cl*(B) = n-c[*(AU B).
) n-cl*(n-cl*(A)) = n-cl*(A).

DEerintTION 2.10 ([11]). An ideal I in a space (U, N, 1) is called N-codense
ideal if N NI = {¢}.

DEerintTION 2.11 ([11]). A subset A of a nano ideal topological space (U, N, I)
is nx-dense in itself (resp. n*-perfect and n+-closed) if A C A;, (resp. A = A},
Ay C A).

LemMma 2.12 ([11]). Let (U, N, I) be a nano ideal topological space and A C U.
If A is n#-dense in itself, then A}, = n-cl(A;) = n-cl(A) = n-cl*(A).

3. On nano-/g-closed sets and nano-/g-open sets

DEerintTION 3.1. A subset A of a nano ideal topological space (U, N, I) is said to
be nano-/-generalized closed (briefly, nl/g-closed) if A}, C V whenever A C V
and V is n-open.A subset A of a nano ideal topological space (U, N, I) is said
to be nano-/-generalized open (briefly, nlg-open) if X — A is nlg-closed.

Tueorem 3.2. Let (U, N, I) be a nano ideal topological space. Every ng-closed
set is nlg-closed.
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PrOOF. Let V be any n-open set containing A. Since A is ng-closed, then
n-cl(A) € V. By Theorem 2.6(iii), we have A}, C V. ]

ExampLE 3.3. Let U = {a, b, c,d} be the universe, X = {a,d} c U, U/R =
= {{b},{d},{a,c}} and N = {U, ¢, {d}, {a, c,d}, {a, c}} and the ideal I = ¢, {d}.
The set A = {d} is nlg-closed but not ng-closed.

TueoreMm 3.4. If (U, N, 1) is a nano ideal topological space and A C X, then
A is nlg-closed if and only if n-cl; (A) € V whenever A C V andV is n-open
inU.

PrOOF. Necessity: Since A is nlg-closed, we have A}, C V whenever A C V
and V is n-openin U. n-cl; (A) = AU A, CV whenever A C V and V is n-open
inU.

Sufficiency: Let A € V and V be n-open in U. By hypothesis n-cl; (A) € V.
Since n-cly (A) = AU A}, we have Ay C V. 1

TueoreM 3.5. If (U, N, I) is a nano ideal topological space and A C X, then
the following are equivalent:
(i) A isnlg-closed.
(ii) n-cl*(A) C V whenever A CV andV is n-openinU.
(iii) For all x € n-cl*(A), n-cl({x}) N A # ¢.
(iv) n-cl*(A) — A contains no nonempty n-closed set.
(v) A}, — A contains no nonempty n-closed set.

Proor. (i) = (i) If A is nlg-closed, then A® C V whenever A C V and V is
open in U and so cl;,(A) = AU A;, C V whenever A C V and V is open in U.
This proves (ii).

(i) = (iii) Suppose x € n-cl;,(A) and n-cl({x}) N A = ¢. in this case,
A C X — n-cl({x}). We have n-cl*(({x}) € U — (n-cl({x})) and hence n-
cl*(A) N {x} = ¢. This is a contradiction, since x € n-cl*(A).

(iii) = (@iv) Suppose F C n-cl*(A) — A, F is n-closed and x € F. Since
FCcU-AFnNA=¢. Wehave n-cl({x}) N A = ¢ because F is n-closed and
x € F. From (iii), this is a contradiction.

(iv) = (v) This is obvious from the definition of n-cl*(A).

(v) = (i) Let V be an n-open subset containing A. Since A;, is n-closed by
means of Theorem 2.6(iii) we obtain A} N (U — V) C A} — A is an n-closed
set contained in A;, — A. By assumption, A;, N (U — V) = ¢. Hence, we have
A, CV. |
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CoroLLARY 3.6. Let (U, N, I) be a nano ideal topological space and A C U is
an nlg-closed set, then the following are equivalent:
(i) A is an nx-closed set.
(ii) n-cl*(A) — A is an n-closed set.
(iii) A, — A is an n-closed set.

Proor. (i) = (ii) If A is nx-closed, then n-cl*(A) — A = ¢ and n-cl*(A) — A is
n-closed.

(i) = (iii) Since n-cl*(A) — A = A}, — A, itis clear.

(iii) = (i) If A}, — Ais n-closed and A is nl g-closed, from Theorem 3.5(v),
A, — A = ¢ and so A is nx-closed. |

TueoreM 3.7. If (U, N, I) is a nano ideal topological space and A is an n*-dense
in itself, nlg-closed subset of U, then A is ng-closed.

ProoF. Suppose A is an nx-dense in itself, n/g-closed subset of U. If V is any
open set containing A, then A; C V. Since A is n*-dense in itself, by Lemma
2.12, n-cl(A) C V and so A is ng-closed. ]

CoroLLaRry 3.8. If (U, N, I) is any nano ideal topological space where I = {¢},
then A is nlg-closed if and only if A is ng-closed.

ProOF. The proof follows from the fact that for I = {¢}, A}, = n-c/(A) D A and
so every subset of U is nx-dense in itself. 1

Tueorem 3.9. Let (U, N, I) be anano ideal topological space. Then every subset
of U is nlg-closed if and only if every n-open set is nx-closed.

ProoF. Suppose every subset of U is nlg-closed. If V is n-open, then V is
nlg-closed and so V,; € V. Hence V is nx-closed. Conversely, suppose that
every n-open set is n*-closed. If A C U and V is an n-open set such that A C V,
then A;, C V,; and so A is nlg-closed. |

Tueorem 3.10. Let (U, N, I) be a nano ideal topological space. Every nx-closed
set is nlg-closed.

ProoF. Let A be a subset of X and A be nx-closed. Assume that A C V and V
is n-open. Since A is n*-closed, we have A} C A and so A is nlg-closed. 1

ExampLE 3.11. Let U = {a, b, c, d} be the universe, X = {a,d} c U, U/R =
= {{b},{d},{a,c}} and N = {U, ¢, {d}, {a, c,d}, {a, c}} and the ideal I = ¢, {d}.
The set A = {a, b} is nlg-closed but not n=-closed. Since, A; = {a, b, c} Q
g {a, b} = A.
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For the relationship related to several sets defined in the paper, we have the
following diagram:

n-closed = ng-closed = nlg-closed

m

nx-dense in itself <= n=-perfect = n=*-closed

THeoreM 3.12. Let (U, N, I) be a nano ideal topological space and A C U. If
A is nx-dense in itself and nlg-closed, then A is ng-closed.

ProoF. Assume A is nx-dense in itself and nlg-closed on U. If V is an n-open
set containing A, then we have A;, C V. Since A is n*-dense in itself, Lemma
2.12 implies n-cl(A) C V and so A is ng-closed. |

TueoreMm 3.13. Let (U, N, I) be a nano ideal topological space and A C U. If
A is nlg-closed and n-open then A is nx-closed.

PrROOF. Let A be n-open. Since A is nlg-closed, we have A7 C A. Hence A is
nx-closed. |

THeorEM 3.14. If A and B are nlg- closed , then A U B is nlg-closed.

PrROOF. Let A and B are nlg-closed sets . Then A}, C V where A C V and V is
n-open and B;, C V where B C V and V is n-open . Since A and B are subsets
of V, (A}, UB;) = (AU B), is asubset of V and V is n-open. which implies that
(AU B) is nlg-closed. ]

RemARKk 3.15. The Intersection of two n/g-closed sets need not be nlg-closed
set which is shown in the following example.

ExampLE 3.16. Let U = {a, b, c,d} be the universe, X = {b,d} c U, U/R =
= {{c}, {d},{a,b}} and N = {U, ¢, {c}, {d}, {a, b, d}} and the ideal I = ¢, {a}. Let
A ={b,d} and B = {b,d} be nlg-closed sets. AN B = {d} is not a nlg-closed
set.

THeoREM 3.17. If Aisnlg-closed and A C B C A;, , then B is nlg-closed.

PrOOF. Let B C V where V is n-open in N. Then A C B implies A C V. Since
Ais nlg-closed, Ay, C V. Also B C Aj, implies B;, C A;,. Thus B;, C V and so
B is nlg-closed. ]

THeoreM 3.18. Let (U, N,I) be a nano ideal topological space and A C U.
Then A is nlg-open if and only if F C n-int*(A) whenever F is closed and
F C A
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Proor. Suppose A is nlg-open. If F is closed and F C A,thenU -A C U -F
and so n-cl*(U — A) C U — F. Therefore, F C n-int*(A). Conversely, suppose
the condition holds. Let V be an open set suchthat U —A C V. ThenU -V C A
and so U — V C n-int*(A) which implies that n-cl*(U — A) C V. Therefore,

U — Ais nlg-closed and so A is nlg-open. |

Tueorem 3.19. Let (U, N, I) be a nano ideal topological space and A C U.
Then the following are equivalent.

(i) A isnlg-closed.
(ii) AU (U — A}) is nlg-closed.
(iii) A}, — A is nlg-open.

ProoF. (i) = (ii). Suppose A is nlg-closed. If V is any open set such that
(AUU-AY)CV,thenU -V CU - (AU (U — A})) = A; — A. Since A is
nlg-closed, by Theorem 3.5(v), it follows that U =V = ¢ and so U = V. Since U
is the only open set containing AU (U — A},), clearly, AU (U — A},) is nlg-closed.

(i) = (@). Suppose AU (U — A},) is nlg-closed. If F is any closed set such
that F C A, — A, then AU (U — A;)) € U - F and U - F is open. Therefore,
(AU (U - A4})),, € U - F which implies that A}, U (U — 4A;,);, € U — F and so
F C U - A;,. Since F C Ay, it follows that ' = ¢. Hence A is nlg-closed.

The equivalence of (i7) and (iii) follows from the fact that U — (A}, — A) =
=AU U -A}). |
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